Homework 4 Solutions

Dr. Holmes
October 6, 2009

ch. 3 problem 21: 1.
folg+h)=fog+foh

This is false. Almost any functions will work to give a counterex-
ample.

folg+h)(x) = flg(x) + h(x))

and

[fog+ fohl(x)= flg(x))+ f(h(z))
There is no reason to believe these are equal in general.
For example, if f(z) = 2%, g(z) = 2z h(z) = 3,

folg+h)(1)=flg(l)+n(1))=f(2+3)=25
while

[fog+fohl(1) = f(g(1)) + f(h(1)) = f(2) + f(3) =449 =13.

(g+h)of=gof+hof

This is true. [(g+h)o f](z) = (9+h)(f(x)) = g(f(2)) +h(f(x)) =
lgo f+ho fl(x)

1 . 1 _ 1
(751 (®) = Fegi@ = @)

40 gl(@) = 3(9()) = 7547
This is true.




1 1 1
7)) = Fogm = 7a@)
from above
[f o 5l(x) = f([5)(@) = f(5&)
and there is no reason to believe this.
With the functions f(z) =2 + 1 and g(z) = = + 2,

755!V = g = 7oy = 7 — 1
[fo5lM) = F([511) = f(;m) =F(5) =3

This gives a counterexample.

ch. 4 problem 2: Prove that if x € [0,b], then © = b for some ¢ with
0<t< 1.

Assume = € [0,0], that is 0 < 2 < b. (recall that b > 0 is given). Let
t = xb~!. Notice that tb = zb~'b = z, and that 0b=! < zb™! < bb7 !,
that is 0 < t < 1, because b=! > 0, so we can multiply the inequality
by b~! and preserve its sense.

Prove that if = € [a, b], then x = (1 —t)a+tb for some t with 0 < ¢t < 1.

Assume z € [a,b] (recall that we assume a < b): a < x < b implies
a—a<zr—a<b—a,sowehaver—a€[0,b—a],sor—a=tb—a)
for some t € [0, 1] by the previous paragraph, so z = (r —a) + a =
t(b—a)+a = (1 —t)a+ tb for the same value of ¢.

Prove that if (1) 0 <t <1, then (1 —t)a + tb € [a, b].

Suppose 0 <t < 1. (1—t)a+tb=a+t(b—a). (2)0<t(b—a)<b—a
follows by multiplying both sides of (1) by b—a > 0. Adding a to both
sides of (2) gives a < a+t(b—a) < b, so a+t(b—a) = (1—t)a+tb € [a,b)].

The points of the open interval are those with ¢ not equal to 0 or 1:

Ift=0o0rt=1, wehave (1—t)a+tb=aor (1—t)a+tb=b. We need
to show that (1 — t)a + tb cannot be a or b in any other case. Assume
0<t<l1l (1—-t)a+thb= aimplies a+ t(b— a) = a, which implies
t(b — a) = 0, which implies that either t = 0 (ruled out) or b —a =0
(ruled out). (1 —t)a + tb = b implies a + t(b — a) = b which implies
t(b—a) = b—a, which implies ¢t = 1 (ruled out). So (1—t)a+tb € (a,b)



ch. 5, 3.iii: The limit is “obviously” 100. |12 —100| < e is what we want to
make true. [12 —100| = [100=190z) — j00[1=2| = 100L2=1. 10021 < ¢

|| ||

would be true if |z — 1| < %. % does not make sense as d because it
has x in it: we need a lower bound on |z| to make this work. Suppose
that |z — 1| < .5 (we do not choose 1, because our function is undefined
at 0, one unit away from a = 1.) Then we have .5 < x < 1.5. Thus we

have |z — 1| < 22 < <al

100 < 100°
So we set § = min(.5, 61((')50)).

Assume 0 < |z — 1| < min(.5, 61((')%)). Goal: |22 —100] < e.

Notice that our assumption also gives us (1) 0 < |z — 1] < .5 and (2)
0<|z—1| < 61((')50), and (1) gives us .5b < = < 1.5, from which we get
(3) x > .5.

100 _ _ 1onlz=1l [e—1] W _
1100 100] = 10022 < [by(1)]10021 < [by(2)]100 12 = .

||

ch. 5, 3.iv: Use the identity 2* — a* = (z — a)(2® + 2%a + za® + a3).

We want to make |21 —a?t| < e. [zt —a?| = [(z—a)(2®+22a+za®+a®)| =
|(z — a)(2® + 2%a + wa® + a®)|, s0 |2 — a| < i fraras Will do the
trick. But WM has x in it. What we need is an upper bound
on |z3+z%a+za®+a?|: we cannot enforce this without an upper bound
on xz. We assume |z — a| < 1. It follows that |z| = [(z —a) +a| < |z —
a|+]a] < 1+|al|. Notice that |a| < 14]a| too; this makes things simpler.
Further, |2 + z%a + za® 4+ a®| < |23 + |2%a| + |zva?| + 3| < 4(1 + |a|)?
(replace each = and a in the previous expression with the larger 14 |al).

So |z —al| < T 5 < will work.

€ €
1+]al) |z3+z2a+za’+a3|

We choose § = min(1, m)

Suppose 0 < |z — a| < min(1 . Goal: |z —a'| < e.

T
2t — at| = |(z — a)||(2® + 2%a + za® + a®)] < (W)(ﬁ’ + z%a +
ra? + a®)| < (W)(él(l + |a|)?) (because |z — a| < 1) and this last
expression is obivously equal to €.

ch. 5,3.viii: We want to make |\/z — 1| < e.

Multiply both sides of this inequality by v/ + 1 and you get |z — 1| <
e(v/x+1). To get a § we need a lower bound on z. We assume |z —1| <

3



1. This means = > 0, and (y/z +1) > 1,80 [z — 1] < e < e(y/z + 1)
works.

S0 § = min(1,¢).

Assume 0 < |z — 1| < min(1,€). Goal: |\/z — 1| <e.

IVz—1| = = < |z — 1], because |z —1| < 1,s0z > 0 and \/z+1 > 1,

Va+1
and in turn |z — 1] < ¢, by our choice of 9.



