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On some questions about selective separability
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CH implies that selective separability is not preserved by finite powers (solving [3, Problems 3.7 and 3.9]).
In ZFC, selective separability does not implyH-separability (solving [4, Problem 34]).
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1 Definitions and notation

Let A andB be given families of subsets of some setS. Then the following symbols denote the corresponding
statements for the pairA,B:

1. S1(A,B): For each sequence(Om : m < ∞) of elements ofA there is a sequence(Tm : m < ∞) such
that eachTm belongs toOm, and{Tm : m < ∞} ∈ B.

2. Sfin(A,B): For each sequence(Om : m < ∞) of elements ofA there is a sequence(Tm : m < ∞) such
that eachTm is a finite subset ofOm, and

⋃
{Tm : m < ∞} ∈ B.

For a given spaceX let O denote the collection of all its open covers and letΩ denote the collection of all its
ω-covers (an open coverU of X is said to be anω-coverif X is not a member ofU , but for each finite subsetF
of X there isU ∈ U such thatF ⊂ U ). LetD denote the collection of dense subsets of aT3-space.

The symbolCp(X) denotes the space of all continuous real-valued functions on the spaceX in the topology
of pointwise convergence.

We say thatX is selectively separable[9] if it satisfies the selection principleSfin(D,D).

2 Sfin(Ω, Ω) and direct sums

In [10] Scheepers constructed fromCH subsetsX andY of ω
Z each with the propertyS1(Ω,Ω) such that

(X ∪ Y ) + (X ∪ Y ) = ω
Z.

It is well known thatSfin(O,O) is preserved by continuous images, closed subsets, and countable unions, that
Sfin(Ω,Ω) is equivalent toSfin(O,O) in all finite powers, thatSfin(Ω,Ω) is preserved by closed subsets, finite
powers, and continuous images, and thatω

Z (which is homeomorphic to the set of irrational numbers) does not
haveSfin(O,O). This implies that(X ∪ Y )2 does not haveSfin(O,O) (the operation+ is continuous). Thus
X ∪ Y does not haveSfin(Ω,Ω) and alsoX × Y does not haveSfin(O,O).

Theorem 2.1(CH) There are spacesX andY each with the propertyS1(Ω,Ω), but their topological sum
Z = X ⊕ Y does not haveSfin(Ω,Ω).

P r o o f. LetX andY be subsets of the set of reals each with the propertyS1(Ω,Ω) such that

(X ∪ Y ) + (X ∪ Y ) = ω
Z.
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Let Z be the set(X × {0}) ∪ (Y × {1}) with topology generated by

{U × {0} : U ⊂open X} ∪ {V × {1} : V ⊂open Y }.

We writeZ = X ⊕ Y .
ThenZ × Z is

{((x1, 0), (x2, 0)) : x1, x2 ∈ X} ∪ {((x1, 0), (y1, 1)) : x1 ∈ X, y1 ∈ Y }

∪ {((y1, 1), (x1, 0)) : y1 ∈ Y, x1 ∈ X}

∪ {((y1, 1), (y2, 1)) : y1, y2 ∈ Y }.

Since{((x1, 0), (y1, 1)) : x1 ∈ X, y1 ∈ Y }, a closed subset ofZ × Z, is homeomorphic toX × Y it does not
haveSfin(O,O). ThusZ × Z does not haveSfin(O,O). This implies thatZ does not haveSfin(Ω,Ω).

Recall the following results from [1] and [9].

Theorem 2.2 [1] If Z = X ⊕ Y , thenCp(Z) ∼= Cp(X) × Cp(Y ).

Theorem 2.3 [9] For X a separable metric space, the following are equivalent:

1. X hasSfin(Ω,Ω).

2. Cp(X) hasSfin(D,D).

Theorem 2.4 [9] For X a separable metric space, the following are equivalent:

1. X hasS1(Ω,Ω).

2. Cp(X) hasS1(D,D).

Thus we have the following.

Corollary 2.5 (CH) There are separable metric spacesX,Y such thatCp(X),Cp(Y ) both haveS1(D,D),
but the productCp(X) × Cp(Y ) does not haveSfin(D,D).

Corollary 2.5 answers [3, Question 3.7 and Question 3.9].

3 Sfin(Ω, Ω) and the Hurewicz property

A topological spaceX hasthe Hurewicz property[7] if for each sequence(Un : n < ∞) of open covers ofX
there is a sequence(Vn : n < ∞) such that for eachn, Vn is a finite subset ofUn, and each element ofX is in
all but finitely many of the sets

⋃
Vn.

A metric space(X, d) is totally boundedif there is for eachε > 0 a finite setF ⊂ X such that

X ⊆
⋃

f∈F Bd(f, ε),

whereBd(f, ε) = {x ∈ X : d(x, f) < ε}. A metric space isσ-totally boundedif it is a union of countably many
subsets, each totally bounded. In [4] the authors defined thefollowing notion: The spaceX is H-separableif for
every sequence of(Dn : n < ∞) of elements ofD, there are finite setsFn ⊂ Dn such that for every open setU

in X, the intersectionU ∩ Fn is nonempty for all but finitely manyn.
By [4, Theorem 40] we have that in a Tychonoff spaceX, Cp(X) is H-separable if and only ifXn has the

Hurewicz property for eachn ∈ N.

Theorem 3.1 Sfin(D,D) does not implyH-separability.

Before passing to a proof of the theorem, let us recall some results from [2] and [6].

Theorem 3.2 [2] Let (X, d) be a metrizable space. The following are equivalent:

1. X has the Hurewicz property.

2. X is σ-totally bounded in each equivalent metric.

Then we have the following lemma.

Lemma 3.3 If X is a complete metric space andY ⊂ X has the Hurewicz property, then there is aσ-compact
subsetZ ⊂ X with Y ⊂ Z.
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P r o o f. LetX be a complete metric space and letY ⊂ X have the Hurewicz property. By Theorem 3.2,Y is
σ-totally bounded with respect to the metric onX. SoY =

⋃
n<∞

Yn, where eachYn is totally bounded. SinceX
is a complete metric space, the closure of eachYn in X is compact (see [11, p. 182]).

Theorem 3.4 [6] In every Polish1) spaceX without any compact set with nonempty interior there isM ⊂ X

whose finite powers all haveSfin(O,O), butM is not contained in anyσ-compact subset ofX.

P r o o f o f T h e o r e m 3.1. The spaceω
Z is a complete separable metric space and no compact subset con-

tains a nonempty open subset ofω
Z. By Theorem 3.4 there is a subsetM of ω

Z with the propertySfin(Ω,Ω)
that is not contained in anyσ-compact subset ofωZ. By Lemma 3.3,M does not have the Hurewicz property.
By [4, Theorem 40],Cp(M) is notH-separable. By Theorem 2.3,Cp(M) has propertySfin(D,D).

Theorem 3.1 answers [4, Question 34].

4 Remarks

The statement of Corollary 2.5 is independent ofZFC. The reasons are: By Theorem 2.4 theseX andY must have
the propertyS1(Ω,Ω). ButS1(Ω,Ω) implies Borel’s property of strong measure zero. By a resultof R. Laver [8],
Borel’s Conjecture that such sets of reals are countable, isconsistent. By a result of T. Carlson [5], Borel’s Con-
jecture implies that all separable metric spaces with strong measure zero are countable. But ifX andY are count-
able, so isZ = X ⊕ Y , and soCp(X) × Cp(Y ) still has propertyS1(D,D).

I suspect that the answer to the following problem is “yes”.

Problem 4.1 Are there inZFC separable metric spacesX andY such thatCp(X) andCp(Y ) both have pro-
pertySfin(D,D), butCp(X) × Cp(Y ) does not have propertySfin(D,D)?
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� Please provide the MSC(2000) number(s) for your article.
� Please regard page 260, items 1. and 2. We changed the text in both items. In 2., I changed∪ to

⋃
(similarly

in line 3 of Section 3 on page 261 and in line 2 of page 262). Moreover, I wonder whether{Tm : m < ∞} ∈ B
in 1. should also read

⋃
{Tm : m < ∞} ∈ B as in 2.

� Please regard page 260, the first displayed formula. It should be explained what(X ∪ Y ) + (X ∪ Y )
stands for, possibly in Section 1. The same holds for(X ∪ Y )2, see two lines before Theorem 2.1.

1) i. e., completely metrizable, separable
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