TOPOLOGICAL GAMES AND COVERING DIMENSION

LILJANA BABINKOSTOVA

ABSTRACT. We consider a natural way of extending the Lebesgue covering
dimension to various classes of infinite dimensional separable metric spaces.

All spaces in this paper are assumed to be separable metric spaces. Infinite
games can be used in a natural way to define ordinal valued functions on the
class of separable metric spaces. One of our examples of such an ordinal function
coincides in any finite dimensional metric spaces with the covering dimension of the
space, and may thus be thought of as an extension of Lebesgue covering dimension
to all separable metric spaces. We will call this particular extension of Lebesgue
covering dimension the game dimension of a space.

Game dimension is defined using a game motivated by a selection principle.
Several natural classical selection principles are related to the one motivating game
dimension, and their associated games can be used to compute upper bounds on
game dimension. These games, and the upper bounds they provide, are interesting
in their own right. We develop two such games and use them then to obtain upper
bounds on our game dimension.

1. SELECTION PRINCIPLES, OPEN COVERS AND GAMES

The selection principle Sq (A, B) states that there is for each sequence (A4,, : n €
N) of elements of A a sequence (B, : n € N) such that for each n we have B,, € A,,
and {B, :n € N} € B.

The selection principle S.(A, B) states that there is for each sequence (4,, : n €
N) of members of A a sequence (B, : n € N) of sets such that for each n, B, is a
pairwise disjoint family of sets and refines A,, and |, oy Bn € B.

For a collection 7 of subsets of a topological space X we call an open cover U of
X a “T-cover” if for each T € T, there is a U € Y with T C U. The symbol O(7)
denotes the collection of 7-covers of X. A trivial situation, but one we cannot
ignore, arises when X itself is a member of 7. We don’t follow the usual practice
of requiring X ¢ U for U € O(T). The motivation, as will be seen below, is that
allowing this trivial situation provides a uniformity to the statements of some of
our results.

A few special combinatorial properties of the family 7 are important for our
considerations. Here are some of them: 7 is said to be up-directed if for all A
and B in 7 there is a C in 7 with A|JB C C. 7T is said to be first-countable if
there is for each T' € T a sequence (U, : n € N) of open sets such that for each n,
Un D Upy1 DT, and for each open set V'O T, there is an n with V' D U,,. We shall
say that X is T-first countable if the family 7 is first countable. Let (7) denote
the set of subspaces which are unions of countably many elements of 7. When 7
is a collection of compact sets in a metrizable space X, 7 is first countable and
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up-directed. Call a subset C of 7 cofinal if there is for each T' € 7 a C' € C with
TCC.

When 7 is the collection of one-element subsets of X, then O(7) will be denoted
simply O. Let FD denote the collection of finite dimensional subsets of X, and let
KFD denote the collection of compact, finite dimensional subsets of X. Then Og
denotes O(FD) and Oksq denotes O(KFD). When 7 is the collection of finite subsets
of X then T-covers are called w-covers, and € denotes O(T).

The collection of open covers having just two elements is denoted Osz. A topolog-
ical space is said to be weakly infinite dimensional if it has the property S.(O2, O).
The class of spaces satisfying S.(O, Q) was introduced in [1]. If a space is a union
of countably many zerodimensional subsets it is said to be countable dimensional.
Hurewicz introduced the latter notion. As was shown in [1], countable dimensional
implies S.(O, O), and S.(O, O) implies S.(O2, O). If a space is not weakly infinite
dimensional, then it is said to be strongly infinite dimensional. The Hilbert cube
H is an example of strongly infinite dimensional space.

Let o be an ordinal number. The game G (A, B) associated with the selection
principle S1(A, B) is as follows: The players play an inning per v < a. In the -th
inning ONE first chooses an A, € A: TWO then responds with a By € A,. A play
Ao, By, ---, Ay, By, --- of length a is won by TWO if {B, : v < a} € B. Else,
ONE wins.

When for a set S and families A and B there is an ordinal number « such that
TWO has a winning strategy in the game G§(A, B) played on S, then we define:

tps, (4,5)(S) = min{a : TWO has a winning strategy in G7'(A, B) on S}.

We adopt the convention that tpg, 4 5)(#) = 0. It is important to note that the
innings are numbered starting at 0. Thus, when TWO has a winning strategy
guaranteeing a win in inning 0, tps, (4,5)(S) = 1.

The ordinal-valued function tps (4 ;)(S) has been studied for a few specific
choices of the families A and B. Examples closely affiliated with what we will
examine here can be found in [4], [6], [7], [8], [15] and [16].

The following monotonicity properties are easy to check:

Lemma 1. For each separable metric space X, for each closed setY C X and for
families S C T and A C B the following hold:

(1) tps, (o(1),4)(X) < tps, (0(s),.4) (X)-
(2) tps, (o(1),8)(X) < tps, (0(7),.4)(X)-
(3) tps, (o(1),4)(Y) < tps, (o(7),.4)(X)-
In particular we find that tps, (o, 4)(X) < tPs, (0,.4)(X)-
Some of the results from our investigation in [4] have some applications in this
paper. We first recall these.
In order to compare the ordinals tpg, (4, )(X) for various choices §, A and B, we
extend Lemma 1 of [4] as follows:

Lemma 2. Let a be an ordinal number, and let F' be a strategy for TWO in the
game GF(O(T), ). Then there is for each v < a, for each sequence (Og : [ < v)
from O(T) a set C € T such that for each open set U 2 C' there is an O € O(T)
with F((Og: f <v) ~(0)) =U.

Theorem 3 ([4] Theorem 4). Let a be an infinite ordinal and let T be up-directed.
If F is any strategy for TWO in G§(O(T), O) and if X is T -first countable, then
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there is for each set T € (T) a set S € (T) such that: T C S and for any closed
set C C X\ S, there is an w-length F-play

OlaTla "'aOn;Tn
such that T C\Jo—, T, C X\ C.

Theorem 4 ([4] Theorem 5). Let a be an infinite ordinal and let T be up-directed.
If F is any strategy for TWO in GY(O(T),0) and if X is C-first countable where
C C T is cofinal in T, then there is for each set T € (T) a set S € (C) such that:
T C S and for any closed set C C X \ S, there is an w-length F-play

OlaTla "'aOn;Tn
such that T C\Jo—, T, C X\ C.

Lemma 5 ([4] Theorem 6). If T has a cofinal subset consisting of Gs-sets, then
TWO has a winning strategy in Gy (O(T),O) if, and only if, X is a union of
countably many elements of T .

Lemma 6 ([4] Lemma 13). Let X and T be such that X ¢ (T) and T is up-directed
and first-countable. If «v is the least ordinal for which there is a B € (T) such that
each closed set C C X \ B satisfies tps, (o(1),0)(C) < a, then tps, (o(1),0)(X) =
w+a.

The converse is also true:

Lemma 7. Let X and T be such that X & (T) and T is up-directed and first-
countable. Iftps, o(1),0)(X) = w+a then there is a B € (T) such that each closed
set O C X \ B satisfies tps, (o(1),0)(C) < «, and « is the minimal such ordinal.

Proof: For let F be a winning strategy for TWO in the game G¢T*(O(7), 0). By
Lemma 2 choose Cy € T such that for each open set U D Cjy there is ald € O(T)
with U = F'(U). Since 7 is first countable choose a sequence (U, : n < w) of open
sets with: For each open set U O Cjy there is an n with U D U, 2 Cjy, and for
all n, U, D Up41. For each n choose O, € O(7) with U,, = F(O,,). Applying
Lemma 2 to each O,, fix sets C,, € T such that there is for each open U D C,
an O € O(T) with U = F(0O,,0). Since 7T is first countable choose for each n a
sequence (Upm : m < w) of open sets such that: For each open set U O C,, there
isan m with U D U, 2 C,,, and for all m, Uy, m D Uy my1. Then choose for each
m an Oy, € O(T) with Uy, = F(On, Op.m).

Continuing like this we find for each finite sequence (ng, - - - ,n;) sets Cy,,... n; €
T, and open sets Up,... n;t, and Opg. ... n; 0 € O(T), t < w, such that for each open
set U 2 Chy,... n; there is a t with U 2 Uny,,... n;t 2 Cng,oon; a0d Upg oo 0 =
F(Onm Onoﬂlla s ;Ono,m ,n]‘,t); and for all t, Unm... ot D) Unm... ;i t+1-

Put B = U;¢ <w,Cr, an element of (7). Consider any closed set C C X \ B.
Since U = X\ C D B is open, choose ng with Cy C U,,, C U. Then choose n;, with
Cro € Upng.ny € U, and then ny with Cpyny € Ungonyn, € U, and so on. In this
way we obtain an w-sequence of moves during which TWO used the strategy F,
and the union of TWQ'’s responses, say V, is a subset of U. Since F' is a winning
strategy for TWO in the game GYT*(O(T), O) it follows that tps, (0(1),0)(C) <
tps, (0(1),0) (X \U) < tps, (o(1),0) (X \ V) < .

If o is a limit ordinal then for each 8 < « there is a closed set C' C X \ B with
tPs, (0(7),0)(C) > 8. If a = 3+ 1 is a successor ordinal then there is a closed set
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C C X\ B with tps, (o(7),0)(C) = B+ 1. Thus for appropriately chosen C' the
closed set X \ V' witnesses that « is the minimal such ordinal. O

2. THE ORDINAL tpg, (0,4,0)(X)-

The properties of open point-covers of spaces are at the basis of Lebesgue’s
notion of covering dimension. The points have, in that theory, dimension zero.
We will consider a more general situation of open 7-covers of spaces. In this case
by analogy with point covers, we require that the notion of dimension assign the
value 0 to the members of 7. We feature here the specific case when 7 is the
collection of finite dimensional compact spaces. Note that when X is a compact
finite-dimensional space, tps, (0,,,0)(X) = 0.

2.1 When tpg, (0,,,0)(X) is countable

The following proposition follows from Lemma 5.

Proposition 8. For X a separable metric space the following are equivalent:

(1) X is a countable union of compact finite dimensional subsets.
(2) 1< tpsl((’)kfd,(’))(X) <w.

We shall see in Section 2.3 that (2) of Proposition 8 cannot be improved.

2.2 Products and unions.

Lemma 9. For X a metric space, and Y a compact finite dimensional metric
space, tpsl(okfd,o)(X xY)= tpsl(okfd,o)(X)-

Proof: First note that since X is a closed subset of X XY, we have tpg, (0,,,,0)(X) <
tpsl(okfd,o)(X x Y). We show that tpsl(okfd,o)(X xY) < tpsl(okfd,o)(X)-

Let F be a winning strategy for TWO in G¢(Oks4, O) played on X. TWO uses
F as follows to play the game on X x Y. First observe that if O is in Okgg then
there is an S(0O) € Oksq such that each element of S(O) is of the form U x Y, and
such that S(O) is a refinement of O.

Define a strategy G for TWO in the game G§(Oksg, O) on X x Y as follows: In
inning 1, when ONE plays O1, put By = {U C X : U xY € S(01)}, a member
of Okg for X. Then compute Wi = F(B;) € Bj, and choose T3 € O; with
Wl xY - Tl. Define G(Ol) = Tl.

Let v < a be given, as well as a sequence (O¢ : £ <) of members of Oyq for
X xY. For each £ < 7y define Be = {U C X : U xY € S(0O¢)}, a member of
Okta on X. Compute W, = F(B¢ : £ < ) € B, and then choose T, € O, with
W, xY CT,, and put G(O¢ : § <) =T,.

Then G is a winning strategy for TWO in G§(Oksg, O) on X x Y. O

Next we describe the structure of those metrizable X with tpg, (o, 0)(X) finite.

Lemma 10. Let X be a metric space which is not compact and finite dimensional.
Iftpsl(okfdyo)(X) is finite then there is a nonempty finite dimensional compact set C
such that for each open set U D C we have tps, (0,4,0)(X \U) < tps, (04,01 (X) =1,
and for some open set U D C we have tpg, (0,4,0)(X \ U) = tPs, (0,0)(X) — 1

Proof: Suppose not. For each compact finite dimensional C' C X choose an open
set U(C) such that C' C U(C), and tps, (0,,,0)(X \ U(C)) > tps, (04,0)(X). Then
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0, ={U(C) : C C X finite dimensional compact} € Ok, and for each strategy G
of TWO, tps, (0,,0)(X \ G(O1)) > tPs, (0,0,0)(X). But this contradicts the fact
that tps, (0,0 (X) is finite.

Suppose that for each compact finite dimensional C C X, for each open set
U D C we have tps, (0,,.0)(X \ U) < tpPs, (0,,0)(X) — 2. Then we have the
contradiction that tpg, o, .0)(X) < s, (O00)(X) — 1. O

Lemma 11. For X a metric space, and Y1, ---,Y, subspaces such that for each
n, tpsl((’)kfd,(’)) (Yn) < a, also tpsl(okfdyo) (Ujgn }/J) <o

Proof: For each n we prove this by induction on a. For n = 1 there is nothing to
prove. Thus assume n > 1. When o = 0 there is nothing to prove since each Y;
then is compact and finite dimensional, as is their union. Thus, assume that 0 < «
and we have proven this result for all 5 < a. There are three cases to consider: «
is finite, «v is an infinite limit ordinal and « is an infinite successor ordinal.

First, the case when « is finite: Since we have already disposed of the case when
a = 0, consider now the case where a = m + 1 and the result is proved for a < m.
By Lemma, 10 choose for j < n a compact finite dimensional set C; C Y} such that
for any open (in Yj) set U containing Cj, tps, (o,..0)(¥; \ U) < m.

Then C' = U;<,C; is compact and finite dimensional, and for every open set
U D C, for each j, tps, (0,4,0) (Y5 \U) < m. Thus TWO can play as follows: When
ONE in inning 0 play an Og € Oy for U<, Y}, TWO chooses Ty € O with C C Ty.
Since now for j < n we have for Z; = Y;\To that tps, (o,..0)(Z;) < m, the induction
hypothesis gives that tps, (0, 0)(Uj<nZi) < M, tps, (0,0)(Ui<nYs) \ To) < m. Tt
follows that tps, (0,,0)(Uj<nY;) < m + 1, completing the induction step, and the
proof for « finite.

In the case when « is a limit ordinal we can write o« = Uj<,,, A; where each A;
has order type «, and in innings v € A;, we use a winning strategy for TWO on
Y; to choose an element T), € O,. This plan produces a winning strategy in the
a-length game on U;j<,Yj.

In the case when « is an infinite successor ordinal, write a = #(a) + n(a)
where ¢(«) is a limit ordinal and n(a) < w. During the first (o) innings we
follow the plan above. After these innings for each j the uncovered part Z; of
Y; has tps, (o,4.0)(%;) < n(a), and thus the uncovered part Z of U;<,Y; has
tPs, (04, 0)(Z) < n(a), by the finite case. This completes the proof. U

2.3 Examples of X for which tps, o, .0)(X) is finite and positive

Smirnov’s compactum S, is constructed as follows: For positive integer n define
Sp = I". Then define S, to be the one-point compactification of the topological
sum &2 S, say S, = (65215,) U{pw}- It is clear that S, is a union of countably
many compact finite dimensional spaces.

Lemma 12. For each positive integer n, tps, (o,q.0)(S5) =n + 1.

Proof: The proof is by induction on n.

n=1:

Since S, is compact and not finite dimensional, TWO does not always win in
one inning. When ONE plays Op € Oy, then TWO chooses Ty € Og such that
Ppw € To. Then S, \ Tp is compact finite dimensional, and thus in the next inning
TWO chooses 171 € O containing this set.
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n=k+1:

Assume that we have already proven the result for n < k. Consider n = k + 1:
Player ONE will play open covers O with the property that for any element U of O
which contains the k+1 vector (p,,, - ,pw) there is some m > k + 1 such that the
projection of U in each of the k + 1 directions is disjoint from @®;<,,S;. It follows
that for these elements U of ONE’s move, S¥*1 \ U contains the closed subspace
Ufill X, where X; is the product Hf:ll Z; where

7 _ Su ifi#j
" | Skiy1 otherwise
Each X; is homeomorphic to Si11 x S¥. By Lemma 9, tPs, (O, 0) (Sk+1 X Sk) =
tpsl(okfdyo)(Sf,) =k + 1. Then by Lemma 11 tpsl(okmyo)(SL’f)le \U) >k +1. Thus
we conclude that tps, (o, 0)(SE™) > k + 2. Proving that this inequality is in fact
an equality is left to the reader. OJ
It follows that tps, (o, 0)(Enz1SL) = w.

2.4 Examples of X with tps, 0,,.0)(X) <w-n+1

Pol’s compactum [12] K is constructed as follows: Start with a complete hered-
itarily strongly infinite dimensional totally disconnected metric space M and then
compactify it such that the extension L is a union of countably many compact,
finite dimensional spaces. Then K = M (JLL. For the rest of the paper fix a repre-
sentation of L as a union of countably many compact finite dimensional sets, say
L =U,~, Ly, where for m < n we have L,, C L,, and dim(Ly,) < dim(Ly,,).

Theorem 13. For each positive integer n, tps, (o,q.0)(K") <w -n+1

Proof: We use induction on n.

tpsl(okfd,o)(K) < w+ 1: In inning n when ONE plays the open cover O,, € Oy,

TWO chooses T}, € Oy, with L,, C T,,. After w innings L C |J,—, T}, and the part of
K not yet covered by TWO is a compact set contained in the totally disconnected
space M, and thus is a compact zerodimensional set. In inning w+1 TWO chooses
T, € O, containing this compact zerodimensional set. In this case we actually have
an equality, since K is not countable dimensional and by Lemma 5, tps 0,0y (K) >
w.
Assume that the statement is true for k& < n.

tPs, (O,0)(K") Sw-n+1: For j < n and m < w define K(j,m) = K/ x Ly, x

K"=7=1 For each such (j,m): K(j,m) is homeomorphic to L, x K"~ and by
Lemma 9 and the induction hypothesis tps, (o, .0)(K(j,m)) =w - (n —1) + 1. Let
Fj.m be TWO's winning strategy in G2 ™"V (Oyq, 0) on K(j, m).

Now write w - (n — 1) as a union U, ., U, <, Sj,m where each S, has order
type w - (n — 1) and for (i, m) # (4,¢), Sim NSj¢ = 0. Enumerate each S, in an
order preserving way as (sJ™ : v <w- (n—1)).

In the first w - (n — 1) innings, in inning 7, when ONE plays open cover O,
of K", TWO responds as follows: Choose j, m with v € S; ,,, and choose § with
v = s¥™. Write O™ for O,. Then TWO applies the winning strategy for inning
§ of the game on K(j,m) to choose T, € O, by T, = F;,,(03™ : v < §). Then

after w - (n — 1) innings TWO has constructed the open set V =, ,.(,1) Ty in
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such a way that for each (4, m) the set C(j,m) = K(j, m)\ V is compact and finite
dimensional.

Next enumerate {(j,m) : j < n, m < w} bijectively as {(jx,mr) : k < w}. In
inning w- (n — 1) +k TWO chooses T,,.(n—1)+k € Ouw.(n—1)4r containing C(j, my).
Put U =U,cunT,.

Note that M™ \ U = K"\ U: For if (z1,--- ,x,) ¢ M™, choose a j with z; € L,
and choose an m with «; € L,,. Then (z1,-- -, z,) € K(j, m) and thus if it is not in
V, it isin C(j,m) and thus in U. Since M™\ U is compact and totally disconnected
it is compact and zero-dimensional, and so in one more inning TWO covers M™\U.
O

In particular for each n, K™ also satisfies S1 (O, O).

Corollary 14. For each positive integer n, tps, (oq.0)(K") < 20 tps, (04,0) (K)-
Lemma 15. Let X be metrizable with tps, (o,,.0)(X) =w. For each m,
tPs, (040, 0) (K™ X X) = tps, (0,,0) (K™) + tPs, (046,0)(X) S w - (m +1).

Proof: For each n Let X,, be compact finite dimensional so that X = U, <, X,.
We prove this theorem by induction on m.

tpsl((’)kfd,(’))(K X X) S w-2:

By Lemma 9 and Theorem 13, for each n TWO has a winning strategy F), in
G‘erl(Okfd, 0) on K x X,,.

Write w = Uy, <00S, Where each S, is infinite, and S,,, N S, = 0 for m # n. For
each n we enumerate Sy, in order as (s : j <w).

In the first w innings, when ONE plays Oy in inning k, TWO chooses n with
k € S, and then fixes j with k = s, and think of O as O}, the j-th move of ONE
in the game on K x X,,. Then TWO chooses T} € Oy using F,,(Og, -+, 07).

Let U be the union of TWQO’s moves during the first w innings. For each n, since
TWO was using the winning strategy F), through w innings on K x X,,, the set
Cn = (K x X,,)\ U is compact finite dimensional. TWO covers these countably
many compact finite dimensional sets in the next w innings.

Assume that m > 1 and the theorem holds for all j < m.
tpSl((’)kfd,(’))(Km x X) Swe (m + 1):

By Lemma 9 and Theorem 13, for each n TWO has a winning strategy F), in
GLf'erl(Okfd, O) on K™ x Xn.

Write w - m = U, <0oS, Where each S, is infinite, and S, NS, = @ for m # n.
For each n we enumerate S, in order as (s} : v < w - m).

In the first w - m innings, when ONE plays O, in inning v, TWO chooses n with
v € S, and then fixes § with v = s}, and think of O, as O}, the J-th move of ONE
in the game on K™ x X,,. Then TWO chooses T, € O, using F,,(Of,---,0%).

Let U be the union of TWO’s moves during the first w - m innings. For each n,
since TWO was using the winning strategy F,, through w - m innings on K™ x X,
the set C,, = (K™ x X,,) \ U is compact finite dimensional. TWO covers these
countably many compact finite dimensional sets in the next w innings. [

Theorem 16. Let X be a metrizable space with tps, (o,,.0)(X) a successor ordinal.
LetY be a metric space with tps, (o,,.0)(Y) < w. Then

tPs, (O, 0) (X xY) < tPsl(okfd,o)(X) +w.



8 LILJANA BABINKOSTOVA

Proof:

Write a = 8+ m where 3(< a = tps, (0,4,0)(X)) is a limit ordinal, and 0 <
m < w. Write 8 = Up<ooSn where each S, is a subset of 3 of order type 3, and
Sm NS, =0 for m # n. For each n we enumerate S,, as (85 1y < B).

When ONE plays O, in inning v < 3, TWO chooses n with v € S, and then
fixes v with v = 577, and think of O, as O}, the v-th move of ONE in the game on
X xY,. Then TWO chooses T, € O, using F,(Og,---,0y).

Let U be the union of the moves TWO made during these 3 innings. For each
n, since TWO was using the winning strategy F;, through 3 innings on X xY,,, we
have tps, (0,,0) (X X ¥5,) \U) < m. But then, by Proposition 8, for each n the set
Cp = (X xY,)\U is a union of countably many compact finite dimensional sets.
During the next w innings TWO covers these. Thus we have that tpg, (Okfd,o)(X X
V)<a+w. O

2.4 When tpg, (0,,,0)(X) is a limit ordinal

Theorem 17. Let X be a metrizable space with tps, (o, .0)(X) = o a limit ordinal,
and let Y be a metric space with tps, (o,,.0)(Y) < w. Then: tps, (o,q.0) (X xY) = a.

Proof: Since tpg, (0,,,0)(Y) < w, by Proposition 8 choose compact finite dimen-
sional sets Y, C Y with ¥ = U,<,Y,. By Lemma 9 fix for each n a winning
strategy F, for TWO in the game G§*(Oku, O) played on X x Yj,.

By Lemma 1 (3), since X is homeomorphic to a closed subspace of X x Y, we
have o < tpg, (0,4,0) (X X V). We must show that tps, (o,..0)(X X Y) <a.

Write a = U, <0 Sy, where each S, is a subset of « of order type «, and S,,,NS,, =
(0 for m # n. For each n we enumerate S,, in order as (s7 : v < ).

When ONE plays O, in inning v < o, TWO chooses n with v € 5, and then
fixes v with v = s, and think of O, as O}, the v-th move of ONE in the game on
X xY,. Then TWO chooses T, € O using F,,(Og,---,0p).

Let U be the union of the moves TWO made during these « innings. For each
n, since TWO was using the winning strategy F;, through « innings on X xY,,, we
have X x Y,, CU. Thus, TWO won in « innings. This completes the proof. [J

Let X be &5, K", the topological sum of the finite powers of the Pol compactum.
Then w? > tpg, (0,4,0)(X). Also note that for each n X x K" is homeomorphic to
po_1 K™ which evidently has w® > tpg, (0, 0)(XxK"). This is a locally compact
space. Let K, = (&52,K") U {p,} be the one-point compactification of X. It is
easy to see that tpg, (o, 0)(Ku) < w?.

Lemma 18. For each positive integer n, tps, (o,q,0) Ko x K") < w2,

Proof: During the first w - n + 1 innings, cover {p,} x K™. The remaining part of
the space is a closed subset of X x K™ and thus requires at most w? more innings.
Thus w? = w -1+ 1+ w? > tps, (0,4.0) (Ko x K*). O

3. THE ORDINAL tps_(0,0)(S) AND THE GAME DIMENSION.
We now define an ordinal-valued function on the set of subspaces of the Hilbert
cube such that this function

e coincides with Lebesgue covering dimension in the case of subspaces with
finite covering dimension, and
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e captures an important aspect of extending the covering dimension to sub-
spaces that are not finite dimensional.

Other important examples of such ordinal-valued functions were developed by P.
Borst [5], and R. Pol [13].

Let o be an ordinal number. The game G%(A, B) associated with the selection
principle S.(A, B) is as follows: The players play an inning per v < «. In the v-th
inning ONE first chooses an A, € A: TWO then responds with a pairwise disjoint
family of sets B, that refines A,. A play Ag, Bo, -+, Ay, By, - -+ of length «a is
won by TWO if | J,, .y Bn € B. Else, ONE wins.

When for a set S and families A and B there is an ordinal number « such that
TWO has a winning strategy in the game G%(A, B) played on S, then we define:

tps_(4,5)(S) = min{a : TWO has a winning strategy in G7' (A, B) on S}.

For X a separable finite-dimensional metric space, dim(X) denotes the Lebesgue
covering dimension of X. The starting point for this exploration is the following
game-theoretic result:

Lemma 19 ([2]). Let X be a separable metric space and let n be a nonnegative
integer. The following are equivalent:

(1) dim(X) = n.
(2) tps,(0,0)(X) =n+1.
We define for separable metric space X the game dimension of X, denoted
dimg(X), by
1+ dimg(X) = tps, (0,0)(X)-
Then for X a finite-dimensional separable metric space, dimg(X) = dim(X). By

a theorem of Nagami [11] and Smirnov [14] (independently), each separable metric
space is the union of < w; zero-dimensional subsets. This implies

Theorem 20. For each separable metric space X, dimg(X) < w.
The following three results are easy to prove.

Theorem 21. If X is a separable metric space for which dimg(X) < wy, then X
has property S.(0, O).

Since the Hilbert cube H = [0, 1] does not have the property S.(O, ©), we have
dimg(H) = w.
Lemma 22 (Subspace Lemma). LetY be a closed subspace of X. Then dimg(Y') <
dimG (X) .

Lemma 23 (Addition Lemma). Let Y C X be such that dimg(Y) = 3, and «
is minimal such that for each closed set C C X \'Y we have dimg(C) < a. Then
dimg(X) = 6+ .

We have the following particularly satisfying property of game dimension in the
case of countable dimensional spaces:
Lemma 24 ([2]). Let X be a separable metric space. The following are equivalent:

(1) X is countable dimensional.

(2) dimg(X) = w.
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Now consider the behavior of game dimension on spaces X with w < dimg(X) <
wy. As noted in Theorem 21 these spaces are among the spaces with property
S:(0,0). A number of important subclasses of the spaces with property S.(O, O)
have been identified and play an important role in developing game dimension. The
following results point out some of these connections.

Theorem 25. S.(0,0) = S.(Okt, O) = S¢(Os4, O).

Proof: We show that S.(Og,0) = S.(0,0). Let X satisfy S.(Og,0). Let
(U, : n < o0) be a sequence of open covers of X. Now we use the technique
in [3] to convert this sequence of open covers to a sequence of FD-covers: Write
N = Uk oo YE where each Y} is infinite and the Y’s are pairwise disjoint.

Fix a k, a finite dimensional subset C of the space, and a set I C Yj with
|[I| = dim(C) + 1. Then for each i € I U; is an open cover of C' and we can find a
pairwise disjoint refinement V; of U;, where V; consists of sets open in the relative
topology of C', such that | J,;.; Vi is an open cover of C. Without loss of generality
we may assume that the sets in V; are open in X, and pairwise disjoint in X. Define

v, n=JdJw.
i€l
Finally, set V, = {U(C,I) : C C X finite dimensional and I C Y} with |I| =
dim(C) + 1}. Then each Vy, is in Ogy.

Applying S.(Og4, O) to the sequence (Vi : k < 00) we find a sequence (Hy, : k <
00) so that each Hj, is pairwise disjoint, refines Vi, and (J, .., Hx is an open cover
of X. For each k, and for each W € Hj, choose a finite dimensional set Cy and
a finite set Iyy C Yy so that W C U(Cw, Iw). For each i € Iy, choose V;(W)
an open pairwise disjoint refinement of U; so that U(Cw, Iw) = J(U Vi(W)).
Put I, = UWer Iy, a subset of Yj. For each i € I, define

Gi={WnV:WeH; and V e V;(W)}.

Each G; is a pairwise disjoint open refinement of the corresponding U;, and the
union of all the H;’s is an open cover of X. [J

The inequalities in the following theorem can be proved also for the family Oygq
substituting for Og. However, the result given here seems optimal.

i€lw

Theorem 26. Let X be an infinite dimensional metrizable space. Then:

. tPs, (0,0)(X) if tPs, (04,0)(X) is a limit ordinal
dimg(X) < { tPsl(Ofd,O)(X) +w  otherwise.

Proof: Let o be an ordinal such that TWO has a winning strategy in the game
G§(Os, 0). Let F be a winning strategy for TWO. We shall use F' to define a
winning strategy for TWO in G?(O, O) for the appropriate 3. We shall repeatedly
use Lemma 2 and Lemma 19. We may assume without loss of generality that the
open covers played by player ONE of G?(O, O) never include X as an element.
To begin, choose by Lemma 2 a finite dimensional set Cy C X such that there is
for each proper open set U D Cy an O € Oy with F(O) = U. Put ng = dim(Cp)+1.
During the first ng innings of GZ(O, ©), TWO chooses for each O; € O a disjoint
open refinement 7 such that Co € Wo = UJ(U,<,, 7j) (this uses Lemma 19). Since
X is infinite dimensional X # Wy. Then choose a By € Oy with Wy = F(By).
For the second stage of the game, choose by Lemma 2 a finite dimensional set
C7 C X such that there is for each proper open set U 2 C; a U € Ogy with
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U = F(By,U). Put ny = dim(Cy) + 1. During the next n; innings of G?(0O, 0),
TWO chooses for each O; € O a disjoint open refinement 7; of O; such that
Ci CW; = U(U?“ZﬁlT) (this uses Lemma 19). As before X # Wj: Choose
B € Oy with F(Bo, Bl) Wi.

Continuing like this we find that after w innings we have chosen finite dimensional

subsets Cy,---,Cj, -+ of X, open disjoint refinements 7} of open covers O;, and
nonnegative integers ng,---,nj, -+, j < w, and elements B; of Oy such that for
all j > 0:

(1) n; =dim(C;) + 1;
nj—1+n;
(2) ¢; CUWUE, T, T) = W, # X
(3) F(By,---,B;) =W,.
Assume that v < « is an infinite ordinal and that for each p < v we have selected
a finite dimensional set C,, an element B, of O, an element W, of B,, an open
cover O, and a disjoint open refinement 7, of O, such that the following hold:
Write p as
p:wﬁl .n1+...+wﬁk c N
where now 3; > --- > B > 0, and each n; is positive.

(1) C, is such that for each proper open set U D C, there is a B € Oy with
U=F((By:0<p) ~(B));

(2) If B, = 0, put u = sup{o < p : o alimit ordinal}, so that p = pu +
ng. And set m = 3 . . (dim(C;) +1). Then we already have
available Oy, -+, Opqmydim(c,)+1 and Ty, -+ Tyt dim(c,)+1, and S, C

+m+4dim(C,)+1
U(Uf:,ququl( ) E) = Wp;

(3) If B > 0, then p is a limit ordinal. And set m = dim(C,) + 1. Then
we already have available Opyq, -+, Oppm and Tpyq, -+, Tppm, and S, C
U5 T) = W

(4) Wy = F(Bs : 0 < p).

We now describe what happens at v.

Case 1: vis alimit ordinal: By Lemma 2 choose a finite dimensional subset C,, of X
such that for each proper open set U O C,, thereis alf € Oy with U = F((B,, : p <
v) ~ (U)) and put m = dim(C,,). Ininnings j € {v, v+1, --- ,v+m} of GZ(O, 0),
choose open disjoint refinements T of O; such that C, C U(U”+m T;) = W, (this
uses Lemma 19). Since X is infinite dimensional, W,, # X so choose by Lemma 2
a B, € Oy with W, = F(B, : p <v).

Case 2: v is a successor ordinal: Write v = p+ k + 1 for some nonnegative integer
k and limit ordinal p. By the induction hypothesis we have finite dimensional sets
Cp, -+, Chyy available, and with £ = Zp+k (dim(C;)+1), we also have available the
disjoint open refinements T}, -, Tp4¢ of the open covers O, - -+, Oy of X. Now
choose by Lemma 2 a finite dimensional subset C),, of X such that for each proper
openset U DO Cy, thereisall € O suchthat U = F((B, : 0 <v) ~ (U)). Put m =
dim(C,) + 1. During the next m innings of GZ(O, ©) TWO chooses open disjoint
refinements T),1¢4; of Opteti, 1 < i < m, so that C, C U(Uftﬁﬁl =W, #X
(this uses Lemma 19), and then choose B, € O such that W, = F(B, : 0 < v).
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Thus, we see that the recursive conditions hold also at v. Thus for a play
(04, T,) : 0 < B) of GZ(O, O) played according to this strategy we find a sequence
((By,W,) : v < @) which is an F-play of G§ (O, O), thus won by TWO, for which
the union of the set of W), is covered by the union of the set of T,’s. Moreover, the
strategy described shows that if « is a limit ordinal, then 3 = « works, and if « is
a successor ordinal, then TWO wins G? (0, O) at some inning before a + w. [J

Since tps, (04,0)(X) < tPs, (Oy,0)(X) We find that

Corollary 27. For X an infinite dimensional separable metric space,

dimg (X) < tPs, (040,0) (X) if tPs, (Ou,0)(X) is a limit ordinal
| tPs, (04, 0)(X) +w  otherwise.

We now demonstrate a few features of these results:

Using Lemma 24 for the Smirnov compactum S,, we have that tps, (o, 0)(Sw) =
2 < dimg(S,) = w. Thus the second alternative of Corollary 27 cannot be im-
proved.

Since K is not countable dimensional, Lemma 24 implies that dimg(K) > w4+ 1.
It is also easy to see that dimg(K) < w+ 1, and thus dimg(K) = w +1: In the first
w innings TWO covers L. The remaining uncovered piece of K is a compact subset
of the totally disconnected part M of K, and thus is zero-dimensional (which TWO
covers in one more inning). We also have tpg, (0,,,0)(K) = w + 1. But the second
alternative of Corollary 27 implies that dimg(K) < (w + 1) + w = w - 2. Thus the

second alternative of Corollary 27 does not give optimal information in this case.

Proposition 28. Let X and Y be compact metrizable spaces. For each open cover
Uof X XY there are open covers A of X and B of Y such that {Ax B : A €
A and B € B} refines U.

Proof: Let dx be a compatible metric on X and let dy be a compatible metric on
Y. Define metric d on X xY so that d((x1,y1), (22, y2)) = /dx (71, 72)% + dy (y1, y2)?.
Then d is a compatible metric on X x Y.

Consider an open cover U of X x Y. Since X X Y is compact choose by the
Lebesgue Covering Lemma a positive real number § such that for each subset S C
X x Y with d-diameter less than ¢ there is a U € U with S € U. Let V be a
finite open cover of X consisting of sets of dx-diameter less than %, and let B be
a finite open cover of Y consisting of open sets of dy-diameter less than %. Then
{Ax B: A€ Aand B € B} is an open cover of X X Y and consists of sets of
d-diameter less than §. Thus, this open cover refines Y. [

Proposition 29. For each n, dimg(K xI") <w+n+1.

Proof: Write I" = AgU A; U---U A,, where each A; is zero-dimensional. By
Proposition 28 we may assume the open covers U of K x ["played by ONE are
finite, of the form {A x B: A € A and B € B} where A is an open cover of K and
B is an open cover of I™.

Now consider the following strategy for TWO: Let F' be TWQO’s winning strategy
in G*T1(O, 0) on K. In even indexed innings (including index 0), when TWO con-
siders the moves (Op, - - -, Os.,) of ONE, TWO plays 12" = F(O%, O%,--- ,0%™)
on K Since Ag C I is zerodimensional TWO chooses an open refinement 772" of
O2™ which covers Ayg. TWO plays

Ty = G(00, 01, , Oz, 02.0) = {U x V: U € T¥" and V € T?"}.
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In odd innings the same plan is used on A; instead of Ag.

Consider the status after w innings have elapsed. The uncovered part is con-
tained in a set of the form C' x I™ where C' is compact and zero-dimensional. Thus
it takes at most n + 1 more innings. This shows that dimg(K xI") <w+4+n+1. O

Continuing investigating game dimension’s product theory we also note:

Theorem 30. If X is a compact metrizable space and C is the Cantor set, then
dlmg(X) = dlmg(X X (C)

Proof: When U is an open cover of X x C we may assume by Proposition 28 that
U is finite and that there are finite open covers Ux of X and Uc of the Cantor set
such that Y = {U xV : U € Ux and V € Uc}. Since C is zero dimensional we may
assume that Uc is pairwise disjoint.

Let o denote dimg(X). We may assume that o > w. Let F' be TWO’s winning
strategy in G(O, O) on X.

We now define a winning strategy G for TWO in the game G%(O, O) played on
X x C. With v < « and open covers (U°,---,U7) of X x C given, each finite,
compute VY = F(U%, -+ ,UY), and compute U, and then define

GU°, - . U)={UxV:U€eV}and V € Ul}.

This defines G for inning v for each v < a.

To see that G is a winning strategy, consider a G-play of length «, ONE’s moves
denoted U7, v < o, and TWOQO’s, T7.

Consider an (z,¢) € X x C. From the definition of G we have an F-play

UL, Ty =FUY 6 <), v<a
on X, won by TWO. Choose v < a with z € |JT%. Pick aV € Ty with z € V.
Also, choose a C' € U with ¢ € C. Then V x C'is in T7.
Thus G is a winning strategy for TWO. This shows that dimg(X x C) < «.

Since X is homeomorphic to a closed subspace of X x C, Lemma 22 implies that
a = dimg(X) < dimg(X x C). O

Theorem 31. Let X and Y be compact metrizable spaces. If dimg(X) is a limit
ordinal and Y is countable dimensional, then dimg(X) = dimg(X xY)

Proof: Put a = dimg(X). Write a = (J,, ., S where each S, has order type a,
and for m < n, S,, NS, = 0. For each n enumerate S, in an order preserving way
as (sf} iy < ). Write Y = Uy <00 Yy where each Y, is a zerodimensional set.

Let F be a winning strategy for TWO in the game G¥(O, O) on X. We define a
winning strategy G for Y in the game G2(O, O) on X x Y: First, when ONE plays
an open cover U of X xY, TWO will replace it, using Proposition 28, with a finite
refinement of the form {U x V : U € Ux and V' € Uy } where Ux is an open cover
of X and Uy is an open cover of Y.

Now we define G. Let an inning v < o be given, as well as a move O, of ONE.
Choose n with v € S, say v = s};. Replace O, with the refinement {U x V :
U € O% and V € O]} where O% is a finite open cover of X and OJ a finite open
cover of Y. Let V, be a finite disjoint refinement of O which covers Y,,, and let
Ty = F(O}(,sga +++,0% 4n). Then define

T, =GO, :v<7):={UxV:UeTyand V € V,}.
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It follows that G is a winning strategy for TWO in G2 (O, O), showing dimg (X x
Y) < a. But X is homeomorphic to a closed subspace of X x Y, implying by
Lemma 22 that a < dimg(X xY). O

As a corollary of Theorem 31 we have

Corollary 32. If X is a compact metric space with dimg(X) a countable limit
ordinal then dimg(X x K) < dimg(X) - 2.

The product theory for game dimension is not well behaved for complete metric
spaces. In [10] J. van Mill and R. Pol construct a complete metric space X such
that X satisfies S.(O,O) but X x X is strongly infinite dimensional. Examining
their proof in their Theorem 3.1 that X has property S.(O, O) we see that in fact
dimg(X) < w-2. Thus, X is a complete metric space with dimg(X) < w -2 while
dimg(X x X) = w;.

4. FINAL REMARKS

In the paper we found mostly upperbounds on gamelength or gamedimension.
We suspect that some of those upperbounds are actually also the lowerbounds. We
have the following questions:

In connection with Theorem 13:

Problem 1. Is it true that for each n, tps (0,q.0)(K") =w-n+17

The case m = 1 of Lemma 15 shows that the value of tps, (o, .0) (X xY") obtained
in Theorem 16 cannot be improved. We suspect that the upper bound in Theorem
16 is in fact achieved.

Problem 2. If X be a metrizable space with tps, (o,..0)(X) an infinite succes-
sor ordinal and Y is a metric space with tpsl(okfdyo)(Y) < w, does it follow that

tPS, (040, 0) (X X Y) = 1Ps, (0,5,0) (X) + w7
In connection with Proposition 29:

Problem 3. Is it true that for each n, tps, (o,q.0)(K X 1") =w +n +17

By Theorem 13 and Corollary 27 we have dimg(K") < w - (n + 1). We suspect
that the actual game dimension is smaller:

Problem 4. Is it true that for each n, dimg(K") =w -n + 17
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